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I. INTRODUCTION
T HE interest on the substrate integrated waveguide (SIW) is constantly increasing. In such a circuit, the vertical walls of a traditional waveguide are emulated by two rows of metallic posts embedded in a dielectric substrate, which is covered with conducting sheets on the top and bottom sides. This low cost realization of the traditional waveguide circuit inherits the merits from both the microstrip for easy integration and the waveguide for low radiation loss. Furthermore, it is possible to use this new technology for making many devices, such as antennas, filters and multiplexers [1] - [3] , and to integrate many substrate integrated waveguide circuits into a single-board subsystem.
The design equations for the radius and separation of the post walls so that the field leakage is minimum can be found in [4] - [6] . However, to study a general substrate integrated waveguide circuit, a full-wave analysis is required. For these reasons, the efficient analysis of SIW devices becomes a new challenge that is the object of intense research in the last few years.
Some of the recent contribution for the analysis of SIW circuits is based on the Boundary Integral-Resonant Mode Expansion (BI-RME) method [7] - [10] , and various numerical techniques such as finite-element method (FEM), finite difference time domain (FDTD), finite-difference frequency-domain (FDFD), transmission-line method (TLM), and 2-D multiport method have been developed to analyze the structure under consideration [11] - [14] .
Other recent contributions to this field are hybrid techniques based on mode-matching and the method of moments [15] that can be used to analyze any device that is fed through canonical waveguides. In general, those hybrid techniques are formulated by applying the equivalence theorem [16] , so that the ports are replaced by a pair of unknown electric and magnetic current densities. A hybrid proposal that uses this pair of currents to achieve the equivalence [17] , [18] has been successfully applied to the analysis of several SIW [6] , [19] , [20] devices.
In [17] and also in the novel hybrid formulation recently proposed in [21] , the metalized holes comprising the substrate integrated waveguide are characterized by means of cylindrical emergent spectra, implying an important computational advantage. But in [21] the port characterization is based just on a single electric current density, unlike the common strategy based on two equivalent sources, a pair of magnetic and electric current densities. This helps to reduce the computational cost, since the evaluation of the scattering parameters is much simpler, and makes possible the development of a fast sweep scheme in [22] by means of an asymptotic waveform evaluation (AWE) and the technique known as complex frequency hopping (CFH).
The aim of this work is to present a new analysis technique in order to efficiently analyze different kinds of SIW devices with multiple accessing ports.
To achieve this objective, the multiple 2-D scattering analysis method described in [23] , a method oriented toward waveguide devices that solves the matching between cylindrical and guided waves, is going to be adapted to efficiently analyze the 0018-9480/$31.00 © 2012 IEEE substrate integrated waveguide devices. This method makes use of the concept of transfer function or characterization matrix of a scattering object. This matrix totally characterizes its electromagnetic behavior in the view of any incidence.
Similarly to [23] , we will solve the electromagnetic coupling among all the scatterers by means of scattered cylindrical modes and spectrum translations, instead of using MoM as in [21] , [22] . This procedure difference allows for an analytical resolution of the coupling, thus resulting in a method more efficient than [22] , as the results section shows.
In [24] a new mode matching procedure was presented to characterize single or multiple posts inside a rectangular waveguide. This method overcomes the limitations found in [23] when the accessing ports are close to the scattering objects, but still it considers just two accesses. The circular posts were analytically characterized using cylindrical waves, and the mode matching was efficiently solved using the fast Fourier transform.
In this work, an extension of that method will allow to analyze a SIW device with multiple ports. Firstly, the whole SIW device is enclosed in a circumference as small as possible, which is not completely surrounded with accessing ports, contrary to what happened in [24] . That circular region is completely characterized through a global transfer function. Afterwards the continuity equations of electric and magnetic fields particularized in the circular boundary are projected over the cylindrical and guided modes, similarly to what is described in [24] . However, in order to solve this mode matching and to obtain the generalized scattering matrix, some of the integrals involved have had to be reformulated due to the multiple port configuration. All the integrals can still be solved analytically or by using the fast Fourier transform, thus making the new formulation highly efficient.
Finally, the results obtained in the analysis of several filters and structures are compared with different methods and commercial software, and also with experimental measurements.
II. PROBLEM FORMULATION

A. Layout of the Problem
The layout of the problem, including the guided excitation accesses, the SIW device and the outer region, is presented in Fig. 1 , where the three main regions are defined.
Region A includes all the guided ports accessing to the SIW device. In this region the fields will be expanded as summations of the progressive and regressive guided modes. Region B is a circular region containing the whole SIW device. In this inner region, the fields will be expressed as summations of incident and scattered cylindrical open space modes. Finally, region C is the outer region, in which the fields should be zero since the leakage form the post walls is very weak. The analysis of each region and the mode matching is presented below.
B. Scattering Objects
Region B, containing the SIW device, can be seen as a multiple scattering problem with N scattering objects. Every single object receives incident fields from the external excitation but also scattered fields coming from the other N-1 objects. It will be necessary to solve the electromagnetic coupling among scatterers. This multiple scattering problem can be schematized as shown in Fig. 2 .
Since the geometry of the scattering objects is invariant in , and so are the exciting fields, the scattered fields are also invariant in and the structure can be reduced to a 2-D problem, where a cylindrical coordinate system will be used. For each scattering object, the field is expanded as summations of incident and scattered cylindrical modes as follows (1) (2) where and are the incident and scattered field spectra in open space to object , and are the th incident and th scattered cylindrical modes, and and are the truncation indexes for the summations of incident and scattered cylindrical modes. Both numbers must be high enough to ensure a good accuracy of the results [16] , [25] , [26] . In this work, considering the general case of , where and represents the loss tangent in the dielectric substrate, the following expression has been used (3) (4) where is the real part of the wavenumber, is the radius of object and and are values high enough to guarantee good accuracy inside the validity region of the modal expansion, though it is advisable not to over estimate those truncation indexes as it leads to an unnecessary increase in the computational cost of the analysis method. With these equations, we ensure that and are at least 3, in order to avoid a excessively low number of modes if object has a very small radius. In (1) and (2), and are the polar coordinates in the coordinate system local to object (see Fig. 3 ). It is convenient to place the local coordinate system of the object so that the larger distance from it to any point of the object, , is minimum. As the typical scatterer will be a cylindrical object, where is the radius of the cylinder. A convergence study will be presented in Section II-F.
In Region B, the field spectrum scattered by each object can be related to its incident field spectrum by means of the scattering matrix , which provides the full wave characterization of that scattering object [25] as follows (5) In matrix form (6) where and are, respectively, scattered and incident field spectra for object .
In this work, we have considered different types of scattering objects, whose scattering matrices [16] , [27] have been adapted from the vacuum assumption to the the case in which the objects are immersed in a dielectric substrate. Their scattering matrices are presented.
When the scattering object is a circular post, each incident cylindrical mode excites only the scattered cylindrical mode of the same order, so truncation indexes and in (3) and (4) must be the same. Thus the scattering matrix that relates incident and scattered cylindrical spectra is a diagonal matrix [16] , and
The most common scattering object presented in a SIW device is the metallic cylinder, whose scattering matrix elements can be easily obtained analytically [16] ( 9) where is the radius of cylinder and is the substrate wavenumber, being and the relative permittivity and permeability of the dielectric substrate. The dielectric and the multilayer cylinder have been also considered.
The scattering matrix of a dielectric post (10) will be useful not only to characterize a real dielectric post, but also for a metallic post with losses, where the relative permittivity of the post with finite conductivity is where is the finite conductivity of the metal and is the wavenumber inside the cylinder. In the case of a multilayer cylinder, the iterative method to solve its scattering matrix is introduced in [27] , though the last layer, generally assumed to be vacuum, will have here because of the dielectric substrate.
C. Electromagnetic Coupling Among Scatterers
In order to solve the electromagnetic coupling, the general method introduced in [25] is adapted to efficiently solve the particular situation faced in a SIW structure. This method will allow us to forget about the geometry of each scattering object once its scattering matrix is known.
As shown in Fig. 2 , matrix is a spectrum translation matrix from cylindrical spectrum emergent from to cylindrical spectrum incident to , whose elements are (11) where (12) and is the translation matrix from external spectrum incident to , where is the global coordinate origin (see Fig. 5 ), to cylindrical spectrum incident to , whose elements are
The final equation system for the field incident to object can be written as follows (see Fig. 2 ) (15) (16) where is an identity matrix and is the incident external field spectrum characterized with cylindrical modes, where (17) and is the radius of the circular boundary (see Fig. 5 ).
Finally, the matrix system to be solved for the electromagnetic coupling among scattering objects is (18) where (19) It will be useful to define the coupled scattering matrix of the object , as the one that completely characterizes object taking into account the coupling with all the other objects. In order to do so, the external excitation matrix in (18) is supposed to be an identity matrix, having where contains submatrices . Each submatrix stores the total incident field to object for each external incident mode. The product of and results in the wanted
In Fig. 4 the amplitude of the total electric field obtained in this way is represented for a four cavity SIW filter with an incident plane wave, whose cylindrical spectrum is [16] where is the propagation direction, here taken as .
D. Global Scattering Matrix
Before obtaining a circuital matrix that characterizes the SIW device, a global scattering matrix is needed. In order to do so, the whole SIW structure must be contained in a circumference as small as possible. This is to obtain the scattering matrix of the whole SIW part of the problem, relating the scattered field spectrum to the incident one.
The global scattering matrix comes from adding all the contributions of the scattered fields of every single post, but centered in the center of the circumference containing all of them (see Fig. 5 ), which will be also the center of the global coordinate system. It can be calculated as follows, (20) where is the coupled scattering matrix of the -object and is the translation matrix from to
This matrix will not be a diagonal one, but it is convenient to make it square by filling it with zeros. Although has all the information concerning the electromagnetic behavior of the SIW structure, it is necessary to express that information in terms of circuit parameters in order to link it to other blocks using simple circuit theory.
E. Generalized Scattering Matrix. Mode Matching
Now, in order to obtain the circuital parameters of the SIW device, a mode matching between guided modes of Region A and cylindrical modes of Region B must be done. This can be achieved by enforcing continuity of tangential components of electric and magnetic fields in the circumference of radius containing Region B. This leads to the generalized scattering matrix (GSM).
In Region B, the field can be expanded as summations of incident and scattered cylindrical modes (22) (23) (24) where (17) and are the truncation indexes for the summations (25) (where, according to [16] , ) and are the elements of the matrix. In Region A, the tangential fields are expanded as summations of the progressive and regressive guided modes of the canonical equivalent waveguide, whose width, , can be calculated as [28] ( 26) where is the distance between the two rows of metallic vias comprising the SIW walls, is repetition period or separation between the center of consecutive vias, and is their diameter.
The expressions for the fields are [21] , [25] (27) with being the substrate height, and and are the coordinates in the global coordinate system of the port edges (see Fig. 6 ).
More compactly, and considering , (27) and (28) 
as well as defining the vectors in (39) and (40), shown at bottom of the page, where is the coordinate just in the angular center of access (see Fig. 6 ) and is the angular width of that access ( ). Since the post walls are designed to emulate the vertical walls of the traditional waveguide circuit using the design rules in [4] and [6] , the field leakage from the post walls is very weak, and thus the field in region C can be neglected. Note that if a little leakage occurred, it would be still in Region B and would be vanished by the time it arrives to the border with Region C.
Next, continuity of tangential components is going to be enforced. Equation (33) and (41) , we can also obtain the total magnetic field in the inner region, as shown in (43) . . .
and are, respectively, the components in and of vector in each of the L accesses. However, and will be used instead, as shown in (53) and (54) at the bottom of the page, where is the angle that the excitation line accessing to port-forms with axis in the global coordinate system, that is (see Fig. 6 ). Instead of using discrete mode matching, and due to the circular boundary, in this work the mode matching is solved by projecting the equations resulting from enforcing field continuity to the modes of A and B. This provides with a set of equations, and after selecting the proper ones, a matrix system is obtained whose solution is the GSM of the structure. If the right set of equations is chosen [24] , the matrix system will be really well conditioned and achieve a good accuracy in the results. Moreover, the integrals that must be solved to obtain the elements of the matrices involved can be solved by using the fast Fourier transform instead of using other numerical methods.
In order to obtain an equation system, (42) and (44) must be projected over the modes of Region A or B. Projecting (42) over the inner modes of Region B, , gives
where and
Projecting (44) 
. . .
In order to obtain the GSM, (63) and (64) contain information of both electric and magnetic fields, and will be extracted from (63) With this procedure, we have used (63) of the electric field continuity projected over the modes of Region B, and (64) of the magnetic field continuity projected over the modes of Region A. So both electric and magnetic fields have been used and projections over both sets of modes, those of Region A and those of Region B, are involved.
The great advantage of this analysis method is that all the integrals needed for the elements of matrices , , , , and can be solved either analytically or by using the fast Fourier transform. It is in the evaluation of where a new reformulation has been required in order to adapt the mode matching presented in [24] to the case or multiple accesses (see [24] for expressions of the other five types of integrals).
[see (60)] comes from the projection of transversal magnetic fields of the inner region over the guided modes 
and , , and are diagonal matrices with
Finally, where
However, in order to accelerate the process, just some discrete points of are considered along and fast Fourier transform can be used (79) being a periodic signal with period equal to the number of discrete points considered for the FFT. This number of points must be so that aliasing error will not appear, and the following expression has been used: 
F. Convergence Study
Due to computational reasons, several infinite summations must be truncated. Truncation indexes for the number of modes of the external incident field spectrum, (25) , the scattered field spectrum,
, and the incident field spectrum to object (25) , and for the number of points of the FFT, (81), have been defined.
In order to test the convergence of the method and choose the adequate values for these indexes, a similar convergence study as in [24] has been done with each one of these indexes. It shows that the adequate values in this new formulation of hybrid mode matching are , , and . This is to ensure that the chosen parameters are valid for a wide range of different complex structures.
III. RESULTS
We have tested the efficiency and accuracy of our method by analyzing and measuring several devices. The results of these analysis will be compared with [17] and [22] , and also with the commercial software HFSS [29] . This is to test the accuracy Fig. 7 . Three-cavity filter (28 GHz) [17] . of the method and to compare the computation times for each analysis tool.
The first two designs (Figs. 7-10) first appeared in [17] and here we compare the results provided by with our method with those presented in [17] . Table I shows how this method reduces the computational time by 98.96% comparing it with HFSS temporal costs, but it is also in the order of 20 times faster than the hybrid analysis method for SIW structures presented in [17] . It must be said that the comparisons with HFSS have been done with respect to the discrete sweep, to fairly contrast the results because, although HFSS has also a fast sweep it does not analyze the problem in all the frequencies and the results are less accurate and limited to a certain bandwidth.
The fourth design (Figs. 11-13 ), which we already presented in [22] , is here analyzed with the new method and compared with [22] and also with the results obtained from the analysis with HFSS.
Once again Table II shows that the new method reduces by 98.96% the computational time compared to HFSS discrete sweep, and still using the fast sweep in HFSS the temporal cost would be 20 min, twice the cost of the new method's cost. But here we can also see that it considerably reduces the time with respect to [22] using discrete sweep.
As it can be appreciated in Table III , this new method does not increase the computational cost of the analysis because of the fact of introducing losses in the analysis.
The fifth and last design (Figs. 14, 15 ), first appeared in [17] , was already analyzed, redesigned, fabricated, and measured in [22] , and now we analyze it again with the new method presented in this work.
IV. CONCLUSION
We have obtained a very accurate method to efficiently analyze different kinds of SIW devices with multiple accessing ports with an important time saving when compared to other existing methods or to reference commercial software.
It is an extension of the mode matching in [24] , where the use of a circular boundary for the mode matching allows the solution of the required integrals by using the fast Fourier transform where analytic solution is not possible, although here the SIW device is not completely surrounded with accessing ports, contrary to [24] . The efficiency of this technique has been tested with the analysis of different topologies, and it is maximum for any kind of circular obstacles such as the studied ones. However, and although these are the most common objects presented in a SIW structure, the method is valid for general arbitrarily shaped posts once we know their scattering matrix.
Furthermore, the new method easily models the losses due to the substrate and the finite conductivity of the metallic posts by taking substrate into account in the calculation of permittivity and phase constant and characterizing the metallic post with the scattering matrix of a dielectric post with their respective permittivities. This way of dealing with losses does not increase the computational cost of the analysis as happens with other methods. 
